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OCTAHEDRAL NORMS AND CONVEX COMBINATION
OF SLICES IN BANACH SPACES
JULIO BECERRA GUERRERO, GINE´S LO´PEZ-PE´REZ AND ABRAHAM RUEDA
ZOCA
Abstract. We study the relation between octahedral norms, Daugavet
property and the size of convex combinations of slices in Banach spaces.
We prove that the norm of an arbitrary Banach space is octahedral if,
and only if, every convex combination of w∗-slices in the dual unit ball
has diameter 2, which answer an open question. As a consequence we
get that the Banach spaces with the Daugavet property and its dual
spaces have octahedral norms. Also, we show that for every separable
Banach space containing ℓ1 and for every ε > 0 there is an equivalent
norm so that every convex combination of w∗-slices in the dual unit ball
has diameter at least 2− ε.
1. Introduction
We recall that a norm ‖ · ‖ of a Banach space X is called octahedral if
for every ε > 0 and for every finite-dimensional subspace Y of X there is
x ∈ SX such that
‖y + λx‖ ≥ (1− ε)(‖y‖ + |λ|)
for every y ∈ Y and λ ∈ R.
The octahedral norms were introduced by G. Godefroy in [10], where it is
proved that every Banach space containing ℓ1 can be equivalently renormed
so that the new norm is octahedral. Also some norms weaker than octahedral
norms were used to characterize Banach spaces containing ℓ1 [7]. On the
other hand, R. Deville proved that every convex combination of w∗-slices of
the unit ball in the dual of a Banach space X has diameter two, whenever X
has an octahedral norm, and it is asked about the veracity of the converse
statement (see [7, Proposition 3, Remarks (c), pag. 119]).
The aim of this note is to show in Theorem 2.1 that the norm of a Banach
spaceX is octahedral if, and only if, every convex combination of w∗-slices in
the unit ball of X∗ has diameter 2. Some consequences can be obtained from
this fact. For example, we get in Corollary 2.5 that a Banach space with the
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Daugavet property and its dual space have octahedral norms. The fact that
every Banach space with the Daugavet property has an octahedral norm has
been recently proved in the separable case in [12]. In the world of JB∗-triple
we get in Corollary 2.7, that a real JB∗-triple X has the Daugavet property
if, and only if, the norm of X is octahedral, and in Corollary 2.8, it is shown
that the dual of every real JB∗-triple, has octahedral norm.
Finally, we prove in Proposition 2.11, that for every Banach space X
containing ℓ1 and for every ε > 0 there is an equivalent norm in X such
that every convex combination of slices in the new unit ball of X∗ has
diameter 2− ε. This result has relation with the following problem posed in
[10]: has every Banach space containing ℓ1 an equivalent norm so that the
corresponding bidual norm is octahedral?
We pass now to introduce some notation. BX , respectively SX , stands
for the unit ball, respectively unit sphere, of the Banach space X. All
Banach spaces considered will be real. By w will denotes the weak topology
in X and by w∗ the weak-star topology in X∗. We recall that a slice in
X is a subset defined by S(BX , f, α) = {x ∈ BX : f(x) > 1 − α}, where
f ∈ SX∗ and 0 < α < 1. Similarly, a w
∗-slice in X∗ is a subset defined by
S(BX∗ , x, α) = {f ∈ BX∗ : f(x) > 1− α}, where x ∈ SX and 0 < α < 1.
2. Main results
In [7, Proposition 3 and Theorem 1] it is proved that if a Banach space
X has octahedral norm, then every convex combinations of w∗-slices in X∗
has diameter 2, leaving open the converse statement [7, Remarks (c), pag.
119]. Our first goal is to prove the validity of this converse statement. For
sake of completeness we show the complete equivalence.
Theorem 2.1. Let X be a Banach space. Then the following are equivalent:
(1) The norm of X is an octahedral norm.
(2) Every convex combination of w∗-slices in BX∗ has diameter 2.
Proof. i)⇒ii) Pick N ∈ N, x1, . . . , xN ∈ SX , ρ1, . . . , ρN ∈ (0, 1) and
α1, . . . , αN > 0 such that
∑
i=1N αi = 1. Let ρ := min
1≤i≤N
ρi. Then
N∑
i=1
αiS(BX∗ , xi, ρ) ⊆
N∑
i=1
αiS(BX∗ , xi, ρi)
So it is enough to prove that diam
(∑N
i=1 αiS(BX∗ , xi, ρ)
)
= 2.
Put Y = span({x1, . . . , xN}) and fix n ∈ N. As ‖ · ‖ is octahedral there
exists xn ∈ SX satisfying
‖y + αxn‖ ≥
(
1−
1
n
)
(‖y‖ + |α|)
So
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(2.1) ‖xi ± xn‖ ≥ 2
(
1−
1
n
)
i ∈ {1, . . . , N}
For i ∈ {1, . . . , N}, by (2.1) and Hahn-Banach’s theorem there exists
fin, gin ∈ SX∗ such that
fin(xi + xn) = ‖xi + xn‖
(2.1)
≥ 2
(
1− 1
n
)
gin(xi − xn) = ‖xi − xn‖
(2.1)
≥ 2
(
1− 1
n
)
.
As a consequence, for i ∈ {1, . . . , n}, we have that
fin(xi) > 1−
2
n
fin(xn) > 1−
2
n
gin(xi) > 1−
2
n
gin(xn) < −
(
1− 2
n
)
Pick T ∈ N such that 1 − 2
T
> 1 − ρ. Then, for k ≥ T , it follow that
fik, gik ∈ S(BX∗ , xi, ρ) and so
n∑
i=1
αifik,
n∑
i=1
αigik ∈
n∑
i=1
αiS(BX∗ , xi, ρ).
Moreover∥∥∥∥∥
n∑
i=1
αifik −
n∑
i=1
αigik
∥∥∥∥∥ ≥
∣∣∣∣∣
n∑
i=1
αifik(xk)−
n∑
i=1
αigik(xk)
∣∣∣∣∣ ≥
≥
n∑
i=1
αifik(xk)−
n∑
i=1
αigik(xk) =
n∑
i=1
αifik(xk)−
n∑
i=1
αigik(xk) >
>
n∑
i=1
αi
(
1−
2
k
)
+
n∑
i=1
αi
(
1−
2
k
)
= 2
(
1−
2
k
) n∑
i=1
αi = 2−
4
k
.
It follows that diam (
∑n
i=1 S(BX∗ , xi, ρ)) = 2.
ii)⇒i) For the converse, let Y ⊆ X be a finite-dimensional subspace,
ε ∈ R+ and δ ∈ R+ such that 2δ < ε. By compactness of SY pick a δ−net
{y1, . . . , yn} in SY . Let us consider the convex combination of w
∗−slices
n∑
i=1
1
n
S(BX∗ , yi, ρ) whenever 0 < ρ < δ
and pick 0 < ρ̂ < ρ
n
.
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By assumption, diam
(∑n
i=1
1
n
S(BX∗ , yi, ρ)
)
= 2, hence there exists
n∑
i=1
1
n
fi,
n∑
i=1
1
n
gi ∈
n∑
i=1
1
n
S(BX∗ , yi, ρ)
such that ∥∥∥∥∥
n∑
i=1
1
n
fi −
n∑
i=1
1
n
gi
∥∥∥∥∥ > 2− ρ̂ .
We put x ∈ SX such that
∑n
i=1
1
n
(fi(x)− gi(x)) > 2− ρ̂. It follows that,
fi(x)− gi(x) > 2− ρ ∀i ∈ {1, . . . , n}.
This implies that,
fi(x) > 1− ρ and gi(x) < −(1− ρ), ∀i ∈ {1, . . . , n}.
Furthermore, as fi, gi ∈ S(BX∗ , yi, ρ) we have
fi(yi) > 1− ρ and gi(yi) > 1− ρ, ∀i ∈ {1, . . . , n}.
So, taking arbitrary t ∈ R+0 and for α ≥ 0 one has
‖tyi + αx‖ ≥ fi(tyi + αx) ≥ t(1− ρ) + α(1 − ρ) = (1− ρ)(t‖yi‖+ |α|).
Now, for α ≤ 0 one has
‖tyi+αx‖ ≥ gi(tyi+αx) = tgi(yi)+(−α)(−gi(x)) ≥ t(1−ρ)+(−α)(1−ρ) =
= (1− ρ)(t‖yi‖+ |α|).
In any case, we have
(2.2) ‖tyi + αx‖ ≥ (1− ρ)(t‖yi‖+ |α|).
Pick an arbitrary y ∈ Y \ {0}. There exists i ∈ {1, . . . , n}, such that∥∥∥ y‖y‖ − yi∥∥∥ < δ, a hence ‖y − ‖y‖yi‖ < δ‖y‖. By (2.2) it follows
‖‖y‖yi + αx‖ ≥ (1− ρ)(‖y‖ + |α|).
Thus
‖y + αx‖ = ‖y − ‖y‖yi + ‖y‖yi + αx‖ ≥ ‖‖y‖yi + αx‖ − ‖y − ‖y‖yi‖ ≥
≥ (1− ρ)(‖y‖+ |α|) − δ‖y‖ ≥
δ>ρ
(1− δ)‖y‖ + (1− δ)|α| − δ‖y‖ ≥
(1− 2δ)(‖y‖ + |α|) ≥
2δ<ε
(1− ε)(‖y‖ + |α|)
So we have proved that ∀y ∈ Y, y 6= 0,∀α ∈ R we have
‖y + αx‖ ≥ (1− ε)(‖y‖ + |α|)
and for y = 0 is also true. We conclude that the norm ‖ · ‖ is octahedral.
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Let us observe that a Banach space X satisfies that every convex combina-
tions of slices of BX has diameter 2 if, and only if, every convex combination
of w∗-slices of BX∗∗ has diameter 2, since BX is w
∗-dense in BX∗∗ and the
norm of X∗∗ is w∗-lower semicontinuous. Then the following is a immediate
consequence of the above theorem.
Corollary 2.2. Let X be a Banach space. Then, every convex combinations
of slices in BX has diameter 2 if, and only if, the norm of X
∗ is an octahedral
norm.
In order to get some consequences of the above results, we recall that
a Banach space X has the Daugavet property with respect Y , for some
subspace Y of X∗, if ‖T + I‖ = 1 + ‖T‖ for every rank one operator
T : X → X given by T = x ⊗ y∗, where x ∈ X and y∗ ∈ Y . The Ba-
nach space X is said to have the almost Daugavet property if X satisfies
the Daugavet property with respect to some norming subspace Y of X∗.
Finally, X is said to have the Daugavet property if X satisfies the Daugavet
property with respect to X∗ (see [12]).
For a Banach space X satisfying the Daugavet property, it is essentially
known [17], that every convex combinations of w∗-slices of BX∗ has diameter
2. The next lemma shows that the same holds for Banach spaces with the
almost Daugavet property.
Lemma 2.3. Let X be a Banach space satisfying the almost Daugavet pro-
perty. Then every convex combination of w∗-slices in BX∗ has diameter
2.
Proof. Let Y a norming subspace of X∗ so that X has the Daugavet prop-
erty with respect to Y . Take x1, . . . , xn ∈ SX , α1, . . . , αn ∈ (0, 1) and
λ1, . . . , λn > 0 with
∑n
i=1 λi = 1. Let us consider the convex combination
of w∗-slices in BX∗ given by
n∑
i=1
λiS(BX∗ , xi, αi).
If 0 < ε < mini{αi} then
n∑
i=1
λiS(BX∗ , xi, ε) ⊂
n∑
i=1
λiS(BX∗ , xi, αi).
Pick g ∈ SY . Now, from [12, Lemma 1.3] there is f1 ∈ SX∗ ∩ S(BX∗ , x1, ε)
so that ‖g+f1‖ > 2−ε and then ‖g+λ1f1‖ ≥ λ1+1−ε. As Y is a norming
subspace of X∗, we can assume that f1 ∈ SY . Hence
g+λ1f1
‖g+λ1f1‖
∈ SY .
Again, from [12, Lemma 1.3], there is
f2 ∈ S(BX∗ , x2,
ε
‖g + λ1f1‖
) ⊂ S(BX∗ , x2, ε)
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such that ‖ g+λ1f1‖g+λ1f1‖ + f2‖ > 2−
ε
‖g+λ1f1‖
. Therefore
‖
g + λ1f1
‖g + λ1f1‖
+
λ2
‖g + λ1f1‖
f2‖ ≥
λ2
‖g + λ1f1‖
+ 1−
ε
‖g + λ1f1‖
,
and so ‖g + λ1f1 + λ2f2‖ ≥ λ2 + λ1 + 1− ε.
By iterating the above argument we get f1, . . . , fn ∈ SY such that
fi ∈ S(BX∗ , xi, ε) for every i and
‖g +
n∑
i=1
λifi‖ ≥
n∑
i=1
λi + 1− ε = 2− ε.
Now, applying the above taking h = −
∑
n
i=1
λifi
‖
∑
n
i=1
λifi‖
we deduce that there
exist h1, . . . , hn ∈ SY such that hi ∈ S(BX∗ , xi, ε) for every i and
‖h+
n∑
i=1
λihi‖ ≥
n∑
i=1
λi + 1− ε = 2− ε.
Then
diam(
n∑
i=1
λiS(BX∗ , xi, ε) ≥ ‖
n∑
i=1
λifi −
n∑
i=1
λihi‖ ≥ 2− 2ε.
Hence diam(
∑n
i=1 λiS(BX∗ , xi, α1) ≥ 2 − 2ε. As ε is arbitrarily small, we
conclude the proof.
The version of above lemma for convex combinations of slices was proved
in [1] for Banach spaces with the Daugavet property. The case of Banach
spaces with the almost Daugavet property can be obtained in a similar way.
Lemma 2.4. Let X be a Banach space with the almost Daugavet porperty.
Then every convex combination of slices BX has diameter 2.
It is known that for separable Banach spaces the almost Daugavet pro-
perty and having octahedral norm are equivalent [12]. From Theorem 2.1
and Lemmas 2.3 and 2.4 we get the following
Corollary 2.5. Let X be a Banach space.
i) If X has the almost Daugavet property then the norms of X and Y
are octahedral, where Y is the norming subspace of X∗ such that X
has the Daugavet property with respect Y .
ii) If X has the Daugavet property then the norms of X and X∗ are
octahedral.
Remark 2.6. We exhibit now an example of a Banach space X failing
the Daugavet property so that the norms of X and X∗ are octhaedral,
which disproves the converse statement of ii) in the above Corollary. Take
X = L1[0, 1] ⊕∞ ℓ1. Now, L1[0, 1] has the Daugavet property and so, every
convex combinations of slices in BL1[0,1] has diameter 2. Then every con-
vex combinations of slices in BX has diameter 2, from [1, Proposition 4.6],
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and so the norm of X∗ is octahedral by Corollary 2.2. On the other hand,
X∗ = L∞[0, 1]⊕1 ℓ∞ and every convex combination of slices in BL∞ or Bℓ∞
has diameter 2. Therefore every convex combination of slices in BX∗ has
diameter 2, from [1, Theorem 2.7], and X has octahedral norm by Theorem
2.1. Finally it is easy to see that X fails Daugavet property, essentially
because ℓ1 fails Daugavet property.
We pass now to study the relation between Daugavet property and octahe-
dral norms for JB∗-triples. We recall that a complex JB∗-triple is a complex
Banach space X with a continuous triple product {...} : X ×X ×X → X
which is linear and symmetric in the outer variables, and conjugate-linear
in the middle variable, and satisfies:
(1) For all x in X, the mapping y → {xxy} from X to X is a hermitian
operator on X and has nonnegative spectrum.
(2) The main identity
{ab{xyz}} = {{abx}yz} − {x{bay}z} + {xy{abz}}
holds for all a, b, x, y, z in X.
(3) ‖{xxx}‖ = ‖x‖3 for every x in X.
Concerning Condition (1) above, we also recall that a bounded linear opera-
tor T on a complex Banach space X is said to be hermitian if
‖ exp(irT )‖ = 1 for every r in R. Examples of complex JB∗-triples are
all C∗-algebras under the triple product
{xyz} :=
1
2
(xy∗z + zy∗x).
Following [11], we define real JB∗-triples as norm-closed real subtriples
of complex JB∗-triples. Here, by a subtriple we mean a subspace which is
closed under triple products of its elements. Real JBW ∗-triples where first
introduced as those real JB∗-triples which are dual Banach spaces in such
a way that the triple product becomes separately w∗-continuous (see [11,
Definition 4.1 and Theorem 4.4]). Later, it has been shown in [13] that the
requirement of separate w∗-continuity of the triple product is superabun-
dant. The bidual of every real (respectively, complex) JB∗-triple X is a
JBW ∗-triple under a suitable triple product which extends the one of X
[11, Lemma 4.2] (respectively, [7]).
The following corollary characterizes the octahedral norms for real JB∗-
triples.
Corollary 2.7. Let X be a real JB∗-triple. Then X has the Daugavet
property if, and only if, the norm of X is octahedral.
Proof. If X has the Daugavet property, then from Corollary 2.5 we get that
the norm X is octahedral. Assume now that the norm of X is octahe-
dral. From Theorem 2.1, every w∗-slice of BX∗ has diameter 2 and so, by
[5, Proposition I.1.11], X has no Fre´chet differentiability points. From [3,
Theorem 3.10] X has the Daugavet property.
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For dual of JB∗-triples having octahedral norm is automatic.
Corollary 2.8. Let X be a nonreflexive real JB∗-triple. Then the norm of
X∗ is octahedral.
Proof. Let us recall that X∗ is a nonreflexive L-embedded Banach space [2,
Proposition 2.2]. From [2, Proposition 2.1], we get that every nonempty rel-
ative weakly open set of BX has diameter 2. Now, using the same arguments
in [2, Proposition 2.1] one can prove that every convex combination of slices
in BX has diameter 2 and so, the norm of X
∗ is octahedral by Theorem 2.1.
From Corollary 2.5 every Banach space with the Daugavet property has
an octahedral norm, so every convex combination of w∗-slices in BX∗ has
diameter 2. On the other hand, ifX is a real JB∗-triple, every extreme point
of BX∗ is actually a strongly exposed point. Indeed, given f ∈ ext(BX∗) ,
by [15, Corollary 2.1] and [3, Lemma 3.1], assures the existence of u ∈ SX∗∗
such that u(f) = 1, and u is a point of Fre´chet-smoothness of the norm of
X∗∗. This implies that f is strongly exposed by u (see [5, Corollary I.1.5]).
Now, the next corollary follows.
Corollary 2.9. Let X be a real JB∗-triple with the Daugavet property. Then
every convex combination of w∗-slices in BX∗ has diameter 2, but there are
convex combinations of slices in BX∗ with diameter arbitrarily small.
For a Banach space X, we define w∗−CCS(X∗), respectively CCS(X∗),
as the infimum of diameters of all convex combination of w∗-slices, respec-
tively slices, in BX∗ . With this notation, the above corollary gives examples
where w∗ − CCS(X∗) = 2 and CCS(X∗) = 0, which is the extreme case.
Then it is natural wonder when w∗ −CCS(X∗) = 2 implies CCS(X∗) = 2.
Under some condition of X∗ the above holds.
Proposition 2.10. Let X be a Banach space and assume that BX∗ is the
closed convex hull of the extreme point of BX∗. Then
w∗ − CCS(X∗) = CCS(X∗).
Proof. The inequality CCS(X∗) ≤ w∗ − CCS(X∗) is clear, from the defi-
nitions. Now, if S is a slice of BX∗ then we get from our assumption that
S ∩ ext(BX∗) 6= ∅, by convexity. Hence there is S
∗ a w∗-slice of BX∗ so that
S∗ ⊂ S, by Choquet’s Lemma (see [8, Lemma 3.40]). Therefore every con-
vex combination of slices in BX∗ contains a convex combination of w
∗-slices
in BX∗ and we are done.
Observe that the above proposition holds in particular for Banach spaces
not containing isomorphic copies of ℓ1 [8]. On the other hand , it is known
(see [10, Theorem II.4, Remark II.5] and [7, Proposition 4 and Corollary 6])
that a Banach space containing ℓ1 if and only if has an equivalent octahedral
norm if and only if there is a equivalent norm such that w∗−CCS(X∗) = 2.
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The natural question then is to know if a Banach space containing ℓ1 can
be equivalently renormed so that CCS(X∗) = 2. In [10, Remark II.5, 3)],
it is asked if every Banach space containing ℓ1 has an equivalent norm so
that the corresponding bidual norm is octahedral. From Theorem 2.1 we
deduce that this last question is equivalent to asking if every Banach space
containing ℓ1 can be equivalently renormed so that CCS(X
∗) = 2. Our next
result can be seen like a partial answer to the above question.
Proposition 2.11. Let X be a separable Banach space containing a subspace
isomorphic to ℓ1. Then for every ε > 0 there is an equivalent norm in X
such that every convex combination of slices of the new unit ball of X∗ has
diameter, at least, 2− ε.
In order to prove the above proposition we need a couple of lemmas.
Lemma 2.12. Let X be a Banach space and C is a convex, w∗-compact
subset of BX∗ such that every convex combination of slices in C has diameter
2. Then the set K = co(C∪−C) is a w∗-compact convex subset of BX∗ such
that every convex combination of slices in K has diameter 2.
Proof. As C is a w∗-compact and convex subset, then K is also w∗-compact
and convex. This is a consequence from the fact that
K = {λa− (1− λ)b : λ ∈ [0, 1], a, b ∈ C}.
Pick S1, . . . , Sn slices of K and λ1, . . . , λn > 0 with
∑n
i=1 λi = 1. Let
A = {i ∈ {1, . . . , n} : Si ∩ C 6= ∅} and B := {1, . . . , n} \ A. Let’s observe
that every slice of K has to be nonempty intersection with C or −C.
Now we have that
Λ :=
∑
i∈A
λi(Si ∩ C) +
∑
i∈B
λi(Si ∩ (−C)) ⊂
n∑
i=1
λiSi,
and then
Λ−Λ =
∑
i∈A
λi(Si∩C)+
∑
i∈B
λi(Si∩(−C))−
∑
i∈A
λi(Si∩C)−
∑
i∈B
λi(Si∩(−C)) =
∑
i∈A
λi(Si∩C)+
∑
i∈B
λi(−Si∩C)−(
∑
i∈A
λi(Si∩C)+
∑
i∈B
λi(−Si∩C)) = D−D,
where D =
∑
i∈A λi(Si ∩C)+
∑
i∈B λi(−Si ∩C) is a convex combination of
slices in C. From the hypothesis, we have that diam(D)=2, hence we get
that diam(Λ) = 2 and so diam(
∑n
i=1 λiSi) = 2.
Lemma 2.13. Let (X, ‖ · ‖) be a Banach space and C ⊂ BX an absolutely
convex and closed subset satisfying that every convex combination of slices
has ‖ · ‖-diameter 2. Then for every ε > 0 there is an equivalent norm | · | in
X such that every convex combination of slices in B(X,|·|) has | · |-diameter
at least 2− ε.
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Proof. Pick an arbitrary ε > 0 and we put η ∈ R+ such that 2−2η1+η > 2 − ε.
Consider | · | the equivalent norm in X whose unit ball is
B|·| := C + ηBX .
Now choose n ∈ N, β1, . . . , βn ∈ (0, 1), λ1, . . . , λn > 0 with
∑n
i=1 λi = 1
and f1, . . . , fn ∈ S(X,|·|)∗. Let us see that the convex combination of slices∑n
i=1 λiS(B|·|, fi, βi) has diameter 2 − ε. We put, for i ∈ {1, . . . , n}, γi :=
supC fi and δi := supBX fi, then we have that γi + ηδi = 1. We consider
ρ ∈ R such that 0 < ρ < min{βi, γi, δi, βiη, γiη, δiη : i = 1, . . . , n}. As a
consequence, we have that for every 1 ≤ i ≤ n one has
S(C, fi,
ρ
2
) + ηS(BX , fi,
ρ
2η
) ⊂ S(B|·|, fi, ρ).
So
∑n
i=1 λiS(C, fi,
ρ
2 )+λiηS(BX , fi,
ρ
2η ) is contained in
∑n
i=1 λiS(B|·|, fi, βi).
Now, as
∆ :=
n∑
i=1
λiS(C, fi,
ρ
2
)
is a convex combination of slices of C, we get that ‖ · ‖ − diam(∆) = 2.
Moreover
Γ :=
n∑
i=1
λiS(BX , fi,
ρ
2η
)
is a subset of BX , and hence ‖ · ‖−diameter is at most 2. Hence
‖ · ‖ − diam(∆ + ηΓ) ≥ 2− 2η
and so
‖ · ‖ − diam(
n∑
i=1
λiS(B|·|, fi, βi)) ≥ 2− 2η.
Finally, from B|·| ⊂ (1 + η)BX we deduce that
| · | − diam(
n∑
i=1
αiS(B|·|, x
∗
i , βi)) ≥
2− 2η
1 + η
> 2− ε.
Proof. of Proposition 2.11. Assume that X contains a subspace isometric
to ℓ1 and fix ε > 0. From [6, Theorem 2] we know C(∆) is isometric to a
quotient space of X, where ∆ = {0, 1}N is the Cantor set. Now X∗ contains
a subspace Z isometric to C(∆)∗. Furthermore, Z is w∗-closed in X∗ and
the weak-star topology of X∗ on Z is the weak-star topology of C(∆)∗ on Z.
Now, from [16, Theorem 4.6], there is a w∗-compact and convex subset C
of SZ so that every convex combination of slices in C has diameter 2. From
lemma 2.12 we get that K := co(C ∪ (−C)) is a w∗-compact and absolutely
convex subset of BX∗ such that every convex combination of slices in K has
diameter 2. Finally, from lemma 2.13 we get an equivalent norm in X∗ and
the new unit ball B in X∗ satisfies that every convex combination of slices in
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B has diameter 2− ε. As we have, for some η > 0, that B = co(K + ηBX∗)
is w∗-closed the new norm in X∗ is a dual norm and the proof is complete.
We don’t know if the above proposition is valid for nonseparable Banach
spaces containing ℓ1-copies.
We recall that a Banach space is said to be strongly regular if every closed,
bounded and convex subset of X contains convex combinations of slices with
diameter arbitrarily small. Similarly, X∗ is said to be w∗-strongly regular if
w∗-compact and convex subset of X∗ contains convex combinations of w∗-
slices with diameter arbitrarily small. We refer to [9] for background about
these topics. It is known that X∗ is strongly regular if, and only if, X∗ is
w∗-strongly regular which is equivalent to X does not containing isomorphic
copies of ℓ1 [9, Corollary VI.18] and, from [10], equivalent to X having an
equivalent octahedral norm. With these known facts joint to Theorem 2.1
and Proposition 2.11 we get the following final
Corollary 2.14. Let X be a Banach space. Consider the following asser-
tions:
i) X contains isomorphic subspaces to ℓ1.
ii) X∗ fails to be strongly regular.
iii) X∗ fails to be w∗-strongly regular.
iv) X has an equivalent octahedral norm.
v) X has an equivalent norm so that every convex combination of w∗-
slices in the new unit ball of X∗ has diameter 2.
vi) For every ε > 0 there is an equivalent norm in X so that every
convex combination of slices in the new unit ball of X∗ has diameter
2− ε.
Then the statements i), ii), iii), iv) and v) are equivalent and, if X is sepa-
rable, the six statements are equivalent.
Now the aforementioned question about if every Banach space containing
ℓ1-copies can be equivalent renormed so that the corresponding bidual norm
is octahedral posed in [10, Remark II.5, 3)] is equivalent to wonder if one can
get the equivalence in the above corollary with ε = 0, which seems highly
non trivial.
Finally, we remark that the above question has an affirmative answer if X
is a Banach space containing a complemented isomorphic copy of ℓ1. Indeed,
we can assume that X contains Y an isometric and complemented copy of
ℓ1. Then there is a linear and continuous projection P : X → Y . Let’s
define |x| = ‖P (x)‖+ ‖x−P (x)‖ for every x ∈ X. Now | · | is an equivalent
norm in X such that (X, | · |)∗ = Y ∗⊕∞ (Ker P )
∗. As Y ∗ is isometric to ℓ∞,
we get that every convex combination of slices in BY ∗ has diameter 2. From
[1, Proposition 4.6], we deduce that every convex combination of slices in
B(X,|·|)∗ has diameter 2. Finally, from Corollary 2.2 we are done.
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